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Soliton self-frequency shifts (SSFS) can be suppressed in optical fibers through spectral recoil, but
this process leads to losses through continuous transfer of energy to a dispersive wave. We demon-
strate a novel way to alter the strength of SSFS in photonic crystal fibers through a frequency-
dependent nonlinear parameter γ(ω). Our numerical simulations show both suppression and en-
hancement of SSFS depending on the sign of nonlinear slope ∂γ/∂ω. A large enough positive value
of this slope can lead to total suppression of SSFS, without spectral recoil and without energy trans-
fer to a resonant dispersive wave. Numerical simulations are supported by mathematical predictions
based on the moment method.
PACS numbers: 42.81.Dp, 42.65.Ky, 42.65.-k
INTRODUCTION
The soliton self-frequency shift (SSFS) is one of the
most important nonlinear processes involved in supercon-
tinuum generation using optical fibers (see Refs. [1, 2]
for reviews on the topic). Characterized by a continu-
ous downshift of the central frequency of sub-picosecond
pulses [3, 4], the SSFS is in part responsible for effects
such as the creation of dispersive waves (DWs) at new
frequencies [5, 6], trapping of DWs by solitons [7, 8], for-
mation of spectral cavities, and enhancement of spectral
broadening [9], to mention only a few examples. Some
studies have reported the enhancement of the SSFS us-
ing uniform and tapered photonic crystal fibers (PCFs)
[10–13]. On the other hand, suppression of the SSFS
of ultrashort pulses has been also demonstrated in con-
ventional fibers [14, 15] and in PCFs doped with silver
nanoparticles [16, 17]. In these works, the suppression of
the SSFS is accompanied with the transfer of energy from
the propagating Raman soliton to a DW on the red side
and soliton’s subsequent recoil towards the blue side. In
other words, the continuous compensation of SSFS hap-
pens through spectral recoil.
In this article, we study numerically the evolution of
ultrashort pulses in PCFs whose nonlinear Kerr response
is strongly frequency-dependent. Even though the non-
linear parameter γ of PCFs is often treated as being con-
stant or varying only slightly varying with frequency, γ
can become strongly frequency dependent in fibers doped
with silver nanoparticles [18, 19] or waveguides employ-
ing quadratic nonlinear media [20]. Here, we assume a
linear variation of γ with frequency, without focusing on
the mechanism that leads to such variations. When the
slope γ1 = ∂γ/∂ω < 0, the nonlinearity increases with
wavelength, causing enhanced SSFS for red-shifting soli-
tons. Conversely, suppression of SSFS occurs for γ1 > 0.
For a sufficiently large value of γ1, we show that SSFS can
be totally suppressed. Unlike the other reported mecha-
nisms of Raman-shift suppression [14, 15, 17], SSFS sup-
pression in our case occurs without the loss of energy
to a DW at a new phase-matched wavelength. Instead,
the suppression is caused by reshaping of the soliton in-
duced by the frequency-dependent nonlinearity. Since
this new process of SSFS suppression does not continu-
ously transfer energy to a DW, the Raman soliton does
not lose energy while propagating inside the fiber.
IMPACT OF γ1 ON SOLITON
SELF-FREQUENCY SHIFTS
We use the well-known generalized nonlinear
Schro¨dinger equation in the spectral domain [21],
∂A˜
∂z
− i[β(ω)− β(ω0)− β1(ω − ω0)]A˜ = (1)
iγ(ω)(1− fR)Fˆ
(|A|2A)+ γR(ω)fR×
Fˆ
(
A
∫ ∞
−∞
hR(T
′)|A(z, T − T ′)|2dT ′
)
,
where Fˆ is the Fourier-transform operator, A˜(z, ω) =
Fˆ [A(z, t)] is the Fourier transform of the pulse envelope
A(z, t), β(ω) is the propagation constant of the PCF
mode, β1 = dβ/dω is calculated at the carrier frequency
ω0 = 2pic/λ0 (λ0 = 1060 nm, anomalous regime) of the
pulse, and T = t − β1z is the time measured in a frame
moving at group velocity of input pulse. The nonlin-
ear effects are included through the nonlinear param-
eter γ(ω) = γ0 + γ1(ω − ω0), where γ0 = γ(ω0) and
γ1 = dγ/dω is the nonlinear slope (parameter leading to
self-steepening). The Raman nonlinearity is taken to be
that of silica: γR(ω) = γ0+γ1R(ω−ω0) with γ1R = γ0/ω0.
The Raman fraction is fR = 0.18 and for hR(t) we use
the common Raman response function for silica [21].
Equation (1) is solved numerically using the fourth-
order Runge–Kutta method for a 20-cm-long PCF with
its zero-dispersion wavelength (ZDW) at 780 nm. Our
PCF is identical to the one used in Ref. [22] with γ0 =
0.11 W−1/m. However, its nonlinear slope γ1 is varied
between −0.6 and 0.6 fs/(W-m). Since γ0 is acting as a
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FIG. 1. (Color online) γ1 versus ZNW (solid black), and spec-
trum of input pulses (dashed blue). The red vertical dashed
lines mark the ZNW for three different values of γ1. The grey
region shows the range of ZNWs in which the moment method
cannot be used to accurately describe the SSFS.
γ  (m
  /W
)
15
0
10
5
20
 
 
di
st
an
ce
 (c
m
)
−0.2
0
0.2
0.4  
a
γ  = 0 1γ0
 
b
γ  = −0.1 1γ 0
600 800 1000 14001200 1600 1800
c
γ  = 0.2 1γ0
 
 
DW
 
 
di
st
an
ce
 (c
m
)
15
0
10
5
20
−0.2
0
0.2
0.4
-
1
γ  (m
  /W
)
-
1
400 
 
di
st
an
ce
 (c
m
)
15
0
10
5
20
−0.2
0
0.2
0.4
γ  (m
  /W
)
-
1
0
-10
-20
-30
-40
(dB)
λ (nm)
FIG. 2. (Color online) Spectral evolution of the 10-fs pulse in
three 20-cm-long PCFs with (a) γ1 = 0, (b) −0.1, and (c) 0.2
fs/W-m. The ZDW at 780 nm is marked by a dashed black
line, and the ZNWs are marked by red dashed lines. Top
traces show γ(ω) and the grey bars show the regions where
solitons can (light grey) or cannot (dark grey) form.
pivot for varying γ(ω), the sign of γ1 determines where
the zero-nonlinearity wavelength (ZNW) is located rela-
tive to the input wavelength of 1060 nm. Figure 1 shows
the correspondence between the ZNW and γ1. Numer-
ical simulations are performed for an ultrashort optical
pulses launched such that it forms a fundamental soli-
ton initially. More specifically, we solve Eq. (1) with the
input A(0, T ) =
√
P0 sech(T/T0) with T0 ≈ 10/1.763 fs
(full width at half maximum 10 fs). The peak power of
input pulse is chosen to be P0 = 14.3 kW so that the in-
put soliton order is N = T0
√
γ0P0/|β2(ω0)| = 1. Figure
2 compares the spectral evolutions of the pulse in three
PCFs. Part (a) shows the evolution in a fiber with con-
stant nonlinearity (γ1 = 0), whereas parts (b) and (c)
correspond to PCFs with γ1 = −0.1 and γ1 = 0.2, re-
spectively. In each case, the wavelength dependence of γ
is shown on top, together with a grey bar marking the
spectral regions in which solitons can (light grey) or can-
not (dark grey) form. The formation of solitons requires
the nonlinearity γ and the group velocity dispersion β2
to have opposite signs.
The spectral evolution inside the constant-γ fiber (γ1 =
0) in Fig. 2(a) shows the expected red shift reaching
340 nm within 20 cm of fiber. The central frequency
of the soliton is λs ≈ 1400 nm at the output of the fiber.
The fiber in Fig. 2(b) has γ1 = −0.1, with its ZNW lo-
cated at ≈ 655 nm (see Fig. 1). The soliton’s red shift is
enhanced in this situation, and its central wavelength is
close to λs ≈ 1470 nm at the PCF output. In contrast,
the fiber in Fig. 2(c) with γ1 = 0.2 has its ZNW near
1530 nm, and soliton’s red shift is considerably reduced
such that λs ≈ 1270 nm dat the PCF output. Clearly, the
SSFS is considerably suppressed compared to the γ1 = 0
case shown in part (a). As expected on physical grounds,
positive values of γ1 lead to an enhanced red shift, while
its negative values reduce it, and the soliton appears to
be repulsed away from the ZNW of the fiber.
PREDICTIONS OF THE MOMENT METHOD
To explain large differences in SSFS magnitudes seen in
Fig. 2, we can refer to the Gordon formula obtained using
a perturbation theory of solitons [3]. This formula shows
a strong dependence of the SSFS on the temporal width
of the pulse, which changes inside the fiber with propa-
gation. Additionally, it has been demonstrated by using
the moment method that the SSFS is also dependent on
the frequency chirp that invariably occurs in our PCFs
[23]. A more detailed analysis of the SSFS has been de-
veloped by Chen et al. [24] for ultrashort pulses using an
improved moment method. Following the same method-
ology, we obtain the following set of ordinary differential
equations describing the evolution of various pulse pa-
rameters:
dE
dz
= −αE −
(
4γ1RTR
15
)
E2
T 30
, (2)
dTp
dz
= β2Ω +
β3
2
[
Ω2 +
(
1 +
pi2C2
4
)
1
3T 20
]
+
γ1
2T0
E,
(3)
dT0
dz
=
(β2 + β3Ω)C
T0
+
(
4γ1RTR
pi2
)
E
T 20
, (4)
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FIG. 3. (Color online) Moment-method predictions for the
evolutions of (a) temporal width, (b) frequency shift, and (c)
energy along the three PCFs used in Fig. 2.
dC
dz
=
(
4
pi2
+ C2
)
(β2 + β3Ω)
T 20
+
[(
150− 4pi2)
15pi2
]
γ1RTREC
T 30
(5)
+
2
pi2
[1 + 6fRD(T0)] (γ0 + γ1Ω)
E
T0
,
where E is the energy of the pulse, Tp and T0 are its
temporal position and width, and C is the time-domain
chirp parameter. The effective Raman parameter TR and
the coefficient D are functions that depend on the tem-
poral width T0 of the pulse (see [24] for details). Since
losses have been neglected in our simulations (α = 0),
the pulse can only lose energy through intrapulse Raman
scattering (second term in Eq. 2). The SSFS, Ω = ω0−ω,
evolves according to
dΩ
dz
= −4 (γ0 + γ1RΩ)TRE
15T 30
+
γ1CE
3T 30
. (6)
This equation shows that the frequency shift Ω(z) de-
pends on not only on the pulse width T0 but also on
pulse energy E and Chirp C, which themselves evolve
with z as indicated in Eqs. (2)–(6). It is clear from Eq.
(6) that the first term on its right side is always nega-
tive (leading to a red shift) but the second term can be
positive or negative depending on the signs of γ1 and C.
In particular, this term is positive for positive values of
γ1 and C and thus can compensate for the negative first
term, resulting in smaller red-shifts, as seen in Fig. 2(c).
To compare the predictions of the moment method
with the simulations, we solve Eqs. (2–6) using the
fourth-order Runge–Kutta method for the three fibers
used in Fig. 2. Figure 3 shows evolutions of the tem-
poral width T0, frequency shift ∆ν = |Ω|/2pi, and the
energy E for the three values of γ1. The temporal width
in part (a) exhibits an oscillatory behavior in all cases.
The oscillations result from changes in the chirp param-
eter C (not shown) that oscillates between positive and
negative values causing compression of the pulse when
β2C < 0. The duration T0 of the pulse increases to
compensate for the decreasing γ at the soliton’s shift-
ing central frequency to maintain the soliton condition
N = T0(z)
√
γ(z)P0(z)/|β2(z)| = 1. Another interpre-
tation is that the decreasing γ increases the nonlinear
length defined as LNL = 1/γ(ω)/P0, thus making the
soliton more sensitive to pulse-spreading dispersive ef-
fects. The predictions of the SSFS in Fig. 3(b) are in
reasonable agreement with the numerical results shown
in Fig. 2. Small discrepancies can be attributed to the
moment method not accounting for the emission of DWs.
Also, the spectral recoil caused by the emission of a blue
DW can contribute to the mismatch if the resonant radi-
ation has enough intensity to undergo a significant initial
red shift. However, the total error in the prediction of
the moment-method SSFS is less than 10% in all cases
shown in Fig. 2. Raman scattering causes an optical pulse
to transfer some energy to the medium. The magnitude
of the loss through intrapulse Raman scattering (second
term in Eq. 2) is smaller for larger values of T0. There-
fore, longer pulses experience less SSFS and the increase
in pulse duration helps combat the red shift, as seen in
3(c). In the absence of fiber losses, the conservation of the
number of photons, nph = E(z)/hν0(z), supports the va-
lidity of Eqs. (2)–(6). Physically speaking, the initial red
shift and changes in the local nonlinearity cause the soli-
ton to increase its temporal width in order to preserve its
soliton status by maintaining N = 1. The preservation
of the soliton status also means that the soliton cannot
enter the non-solitonic regime where β2 and γ have the
same signs. When this regime is on the red side of the
soliton, the red shift has to be reduced considerably for
the soliton to avoid crossing over.
TOTAL SUPPRESSION OF SSFS
It becomes natural to ask whether engineering the fiber
nonlinearity through changing γ1 can lead to total sup-
pression of the SSFS. Since γ1 > 0 hinders SSFS, its
large enough positive value could be expected to lead
to better SSFS suppression. Figure 4 shows the spec-
tral and temporal evolution of the 10-fs pulse under the
conditions of Fig. 2 except that γ1 = 0.6. The spectral
evolution in part (a) shows that the spectrum shifts by
60 nm within the first few centimeters of the PCF and
then stops shifting, indicating a nearly total suppression
of the Raman shift after 10 cm of propagation. More
specifically, the Raman soliton stays at λs = 1120 nm
415
0
10
5
20
λ (nm)
 
 
di
st
an
ce
 (c
m
)
600 800 1000 14001200400 1600 1800
a
0
-10
-20
-30
-40
(dB)T (ps)-2 0 2 4 6
15
0
10
5
20
b
DW
DW
RW
RW
radiation in
non-solitonic
region
soliton
radiation in
non-solitonic
region
soliton
FIG. 4. (Color online) (a) Spectral and (b) temporal evolu-
tions of the fundamental soliton under the conditions of Figs.
2, except that γ1 = 0.6. The ZDW is marked by a black line,
and the red dashed line show the ZNW.
.
after 10 cm of such that the entire pulse spectrum is to
the left of the ZNW located near 1180 nm. Also note
that the emitted DW has more energy compared to that
in Fig. 2. The suppression of SSFS keeps the soliton
confined in a specific spectral band close to the ZNW,
which in turns causes the soliton to be phase-matched
with the same dispersive-wave frequencies all through-
out its evolution. Therefore, the intensity of the disper-
sive wave is enhanced for higher values of γ1. On the
contrary, the soliton in Fig. 2(c) keeps red-shifting with
distance, hence disrupting the phase matching and emit-
ting a much weaker dispersive wave. The emission of a
more intense dispersive wave also leads to larger spectral
recoil of the soliton [compared to Fig. 2(c)]. It is im-
portant to emphasize that the input central wavelength
in Fig. 4 is still 1060 nm, but the DW emission and its
associated spectral recoil happen within the first millime-
ters of propagation. The increased spectral power in the
non-solitonic region between 1150 and 1800 nm is there-
fore due to a stronger spectral recoil, as these frequency
components are absent in Fig. 2(c). In the temporal do-
main, we see clearly the Raman soliton, a DW, and radi-
ation emitted in the non-solitonic region. SSFS normally
causes solitons to decelerate continuously, resulting in a
curved trajectory. However, when the SSFS is suppressed
after an initial red shift, the soliton keeps its group ve-
locity constant after an initial change. This is why the
temporal evolution in Fig. 4(b) shows a nearly straight
trajectory for the soliton.
We briefly discuss the predictions of the moment
method for the results shown in Fig. 4. Using Eqs. (2)–
(6), we calculate the frequency shift (ν = Ω/(2pi)) and
pulse energy E for a 50 cm long fiber, and the results are
shown in Fig. 5. Both of these quantities change rapidly
initially but almost stop changing after 10 cm and re-
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the GNLSE simulations (x’s) and from solving the moment
method Eqs. (2)-(6) (dashed line).
main stable after that, indicating that SSFS is being
suppressed without additional losses (assuming negligible
fiber loss over a short PCF segment used here). There-
fore, this mechanism for SSFS suppression does not dis-
sipate the soliton. The frequency shift predicted by the
moment method is in decent agreement with the simu-
lation results, but the predicted soliton energy is 50%
higher. This discrepancy can be attributed to the mo-
ment method, which assumes all of the input energy be-
longs to the soliton. In numerical simulations, part of the
pulse energy is in the non-solitonic region and the soliton
rapidly reshapes itself and loses some energy by emitting
a blue dispersive wave and also by leaving some pump
remnants behind (marked as RW in Fig. 4).
Finally, to study how the SSFS depends on γ1, we
plot in Fig. 6 the shift in soliton’s central frequency shift
(∆ν = |Ω|/2pi) at the output end of a 20-cm-long PCF
as a function of γ1 using both full numerical simulations
and the moment method. As seen there, the SSFS ex-
ceeds 100 THz for γ1 = −0.6, decreases continually as
γ1 increases, and reduces to below 20 THz for γ1 = 0.6.
The agreement between full numerical simulations and
the moment method is quite reasonable with slight dis-
crepancy for negative values of γ1. Again, the likely ex-
planation for the mismatch is that the moment method
assumes that all of the input energy belongs to the form-
5ing soliton, whereas in simulations a part of the input
energy lies in the non-solitonic region.
CONCLUSIONS
To conclude, we studied numerically the propagation
of femtosecond pulses in PCFs whose Kerr nonlinearity
varies considerably with frequency. Assuming a linear
dependence of the nonlinear parameter on frequency, we
varied the frequency slope γ1 of the nonlinearity over a
wide range. Numerical simulations show clearly that the
SSFS is enhanced when γ1 is negative and is reduced
when γ1 is positive. For large enough positive values of
γ1, the zero-nonlinearity wavelength is close to the input
wavelength of the pulse on the red side. In this case, the
input pulse evolves rapidly toward a fundamental Ra-
man soliton and its energy, soliton order, and central fre-
quency stop changing, leading to a complete suppression
of the SSFS without loss of any energy owing to spectral
recoil. The predictions of the moment method for the
output central frequency were shown to be in very good
agreement with numerical simulations.
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